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General conditions are formulated that allow to determine which quantum phase transitions in 
itinerant electron systems can be described by a local Landau-Ginzburg- Wilson or LGW theory 
solely in terms of the order parameter. A crucial question is the degree to which the order pa- 
rameter fluctuations couple to other soft modes. Three general classes of zero-wavenumber order 
parameters, in the particle-hole spin-singlet and spin-triplet channels, and in the particle-particle 
channel, respectively, are considered. It is shown that the particle-hole spin-singlet class does allow 
for a local LGW theory, while the other two classes do not. The implications of this result for 
the critical behavior at various quantum phase transitions are discussed, as is the connection with 
nonanalyticities in the wavenumber dependence of order parameter susceptibilities in the disordered 
phase. 



PACS numbers: 73.43.Nq; 71.10.-w; 71.10.Hf 
I. INTRODUCTION 

Much interest in the field of quantum many- 
body physics has recently focused on quantum phase 
transitions. 1-3 These are phase transitions that occur 
at zero temperature as a function of some non-thermal 
control parameter, often pressure or composition, and 
are driven by quantum fluctuations as opposed to ther- 
mal ones. In addition to being of fundamental inter- 
est, quantum phase transitions are important because 
they are believed to underly a number of interesting low- 
temperature phenomena, in particular various forms of 
exotic superconductivity. ' 5 

Hertz, building on earlier work, has given a general 
scheme for the theoretical treatment of quantum phase 
transitions. 1 After identifying the order parameter of in- 
terest, one performs a Hubbard-Stratonovich decoupling 
of the interaction term responsible for the ordering, with 
the order parameter field as the Hubbard-Stratonovich 
field. One then integrates out the fermions to obtain a 
field theory entirely in terms of the order parameter. This 
Landau-Ginzburg- Wilson (LGW) theory can then be an- 
alyzed by means of renormalization-group techniques. To 
the extent that the LGW theory is well behaved, the re- 
sulting critical behavior in three-dimensions (3-c?) is often 
mean-field like, since the quantum phase transition is re- 
lated to the corresponding classical transition in a higher 
dimension. Until recently, it therefore was believed that 
most quantum phase transitions are not interesting from 
a critical phenomena point of view. 

In recent years it has become clear that in general there 
are problems with Hertz's scheme. In particular, for one 



of the most obvious examples of a quantum phase tran- 
sition, viz. the zero-temperature transition in itinerant 
ferromagnets, it was shown that Hertz's method does not 
lead to a local quantum field theory. 6,7 This is because 
there are soft modes other than the order parameter fluc- 
tuations, specifically, soft particle-hole excitations other 
than the spin-density fluctuations, that couple to the or- 
der parameter. Since these "additional" soft modes are 
integrated out in deriving the LGW functional, the re- 
sulting field theory has vertices that are not finite in the 
limit of vanishing wavenumbers and frequencies. Such 
nonlocal field theories are hard to analyze, and unsuit- 
able for explicit calculations. A better, albeit more in- 
volved, strategy in such cases is to integrate out the mas- 
sive modes only, keep all of the soft modes on equal foot- 
ing, and derive a coupled field theory for the latter. Such 
a procedure for the quantum ferromagnetic transition in 
the presence of quenched disorder has recently revealed 
that the critical behavior is not mean-field like as sug- 
gested by Hertz, and not even given by a simple Gaus- 
sian fixed point as proposed on the basis of the nonlocal 
LGW theory, 6 but rather given by the power laws of the 
simple Gaussian fixed point with complicated multiplica- 
tive logarithmic corrections to scaling. 8 In clean itinerant 
ferromagnets, Hertz theory also breaks down 7 and the 
quantum phase transition is generically of first order. 9 

This example of a breakdown of the order parameter 
field theory method casts serious doubt on the very con- 
cept of an LGW theory for quantum phase transitions. 10 
However, an equally prominent example for which the 
LGW concept works, at least in 3-d, 11 is given by the 
quantum antiferromagnetic transition, which was also 
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discussed by Hertz. 1 This raises the following question: 
Which quantum phase transitions in itinerant electron 
systems can be described by a local order parameter field 
theory, and which require a more complicated analysis in 
terms of a coupled field theory? The quantum ferromag- 
netic and antiferromagnetic transitions, respectively, in 
3-d provide examples for each of these two categories. 

It is the purpose of the present paper to provide a par- 
tial answer to this question. Specifically, for quantum 
phase transitions with zero-wavenumber order parame- 
ters we will provide a classification scheme that shows 
for which transitions Hertz's scheme works and for which 
it does not. The paper is organized as follows. In Sec. II 
we consider some very general arguments to develop a cri- 
terion for the breakdown of LGW theory. In particular, 
we discuss a relation between the analytic properties of 
the order parameter susceptibility in the disordered phase 
and the applicability of LGW theory. In Sec. Ill we first 
formulate a general field theory for interacting fermions 
that this criterion can be applied to. We then consider 
three classes of zero-wavenumber order parameter fields, 
one each in the particle-hole spin-singlet and spin-triplet 
channels, and one in the particle-particle channel. We 
show that for the first class, LGW theory works, while 
for the other two it docs not. In the last part of this 
section we show that these results are consistent with ex- 
plicit calculations. In Sec. IV we discuss these results. 
We discuss the generality of the model we consider, the 
coupling between the order parameter fluctuations and 
other soft modes, and questions regarding the coupling 
of statics and dynamics in quantum statistical mechanics. 
We also discuss the effect of disorder on our results. The 
paper closes with a series of final remarks. Perturbative 
results for some susceptibilities relevant to our dicussion 
are summarized in Appendix A. 

II. A CRITERION FOR THE BREAKDOWN OF 
LOCAL LGW THEORY 

Of the two examples mentioned in the Introduction, 
the quantum ferromagnetic and antiferromagnetic tran- 
sitions, respectively, of itinerant electrons, the ferromag- 
netic one has a zero-wavenumber, or homogeneous, order 
parameter, while the antiferromagnetic one has a non- 
homogeneous order parameter. The impossibility of con- 
structing a local order parameter field theory for the for- 
mer is due to the coupling of fermionic soft modes to 
the order parameter fluctuations, all of which are soft at 
the same (zero) wavenumbcr. For clarity we stress that 
these fermionic modes are soft modes in addition to the 
critical order parameter fluctuations, and to any Gold- 
stone modes in the ordered phase. The coupling of these 
additional soft modes to the antiferromagnetic order pa- 
rameter, which is an object at nonzero wavenumber, is 
much weaker and hence does not spoil the LGW concept 
in this case. 



The above considerations imply that the existence of a 
local LGW theory will generically be much more ques- 
tionable for quantum phase transitions with homoge- 
neous, or zero-wavenumber, order parameters, than for 
non-homogeneous ones. In this paper we will therefore 
investigate the case of quantum phase transitions with 
homogeneous order parameters. The crucial question 
is then whether or not the coupling of the additional, 
fermionic, soft modes to the order parameter fluctuations 
is strong enough to destroy the local nature of the LGW 
theory. 

To sharpen this question, and put it in mathemati- 
cal terms, we note that in Hertz's scheme the vertices of 
the LGW theory are given by order parameter correla- 
tion functions in a reference ensemble that consist of the 
full action minus an interaction term that has been de- 
coupled by a Hubbard-Stratonovich transformation (see 
Rcf. 1 and Sec. IIIB below). Since the interaction term 
one chooses for the decoupling is the one that causes the 
phase transition, the reference system is always in the 
disordered phase. The two-point, or ordinary, order pa- 
rameter susceptibility x^ = X m the reference ensemble 
determines the Gaussian vertex, and the higher order cor- 
relation functions x^ ( n > 2) give the higher vertices. 
The locality, or otherwise, of the LGW theory then de- 
pends on the properties of the x^ ■ More precisely, since 
the square-gradient term in the LGW functional comes 
from the wavenumber expansion of x> and the coefficients 
of the important (i.e., quadratic and cubic) terms in the 
equation of state are determined by the zero-wavenumber 
and zero-frequency limits of x^ and X^ i it follows that 
in order for the local LGW approach to break down, the 
wavevector dependent susceptibility x(<3) must not be 
an analytic function of |q| at q = 0, or (n = 3,4) 
must diverge as q — > 0. Such nonanalyticities can only 
arise from infrared singularities, i.e., from fermionic soft 
modes. As has been discussed in Ref. 31, these soft modes 
exist for various symmetry reasons, and if the symme- 
try responsible for a particular soft mode is broken, the 
mode will acquire a mass that depends on the symmetry- 
breaking parameter. For reasons that will become clear 
below, let us suppose that the field H conjugate to the 
order parameter for the quantum phase transition, i.e., 
a source for the order parameter field, breaks the above 
symmetry. Then the most general form of the the singu- 
lar part of x that is consistent with power-law scaling is 

form 12,13 

Xsing (q, J ff) = (|qr + |H|F . (2.1) 

Here y, x > are exponents that determine the nature of 
the singularity, and the scaling of H with the wavenum- 
ber, respectively. 14 For example, for clean and disordered 
itinerant quantum ferromagnets in d spatial dimensions, 
one has x = 1, y = d — 1, and x = 2, y = (d — 2)/2, 
respectively. (In the clean case in 3-d, y — 2 should 
be interpreted as (|q| + |if|) 2 ln(|q| + \H\), see Eq. (3.5) 
and the discussion below it.) The higher susceptibilities 
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can be obtained from \ by differentiating (n — 2) 
times with respect to H. This leads to infinite zero-field, 
zero-wavenumber for all n > y + 2, and hence to a 
nonlocal field theory. 

With these considerations we can now state and jus- 
tify a criterion for quantum phase transitions in itinerant 
electron systems that we will proceed to discuss and ap- 
ply in the following sections of this paper. 

Criterion: Hertz theory (a local LGW theory) breaks 
down if a quantum phase transition has a homogeneous, 
or zero-wavenumber, order parameter, and if a source 
term H for the order parameter field changes the soft- 
mode spectrum of the fcrmionic or reference ensemble 
part of the action. 

The validity of this criterion follows from our above dis- 
cussion. We first note that interacting electronic systems 
are intrinsically nonlinear, and therefore generically all 
soft modes couple to all the physical quantities. There- 
fore, if some soft modes are given a mass by H > 0, i.e., 
are of the form l/dq^ + H), then the free energy and 
thus all of the order parameter susceptibilities will be 
nonanalytic functions of H . This is only possible if the 
two-point order parameter susceptibility in the reference 
ensemble has the form given in Eq. (2.1). It then follows 
that at H = all order parameter susceptibilities are 
singular functions of the wavenumbcr. That is, a local 
LGW theory will not be possible. 

Two remarks might be helpful at this point: (1) The 
second condition in the above criterion ensures that there 
is a sufficiently strong coupling between the fermionic soft 
modes and the order parameter fluctuations to invalidate 
the local LGW approach. (2) Instead of referring to the 
soft-mode spectrum of the reference ensemble, one could 
also demand that a nonzero H changes the soft-mode 
spectrum of the full action in the disordered phase away 
from the critical point. Since the order parameter fluc- 
tuations, which are taken out of the reference ensemble, 
are massive in this region, these two requirements are 
equivalent. 

To conclude this section we note that the analytical 
properties of various susceptibilities in interacting elec- 
tronic systems have been examined in perturbation the- 
ory at H = 0. The spin susceptibility is known to 
be a nonanalytic function of the wavenumber at sec- 
ond order in the screened interaction, 15 consistent with 
the known breakdown of Hertz theory for the itinerant 
quantum ferromagnet. 6 ' 7 However, the number density, 
number density current, and number density stress sus- 
ceptibilities have all been shown to not have a nonan- 
alytic wavenumber dependence to that order, see Ap- 
pendix A. This suggests that for quantum phase transi- 
tions with these observables as order parameters, Hertz 
theory might work. While in principle it is possible that 
nonanalyticities would appear in these correlation func- 
tions at higher order in the perturbation theory, at least 
in the case of the number density current susceptibil- 
ity this is very unlikely, for reasons explained in Section 



HID. Also, in order to ruin the local LGW theory, any 
nonanalyticity would have to be cut off by the appro- 
priate external field. In the case of the number density, 
where the conjugate field is just the chemical potential, 
this is hard to imagine. In any case, the complexity of 
perturbation theory makes it impractical to go beyond 
second order, and a more powerful approach is needed 
to determine which quantum phase transitions can be 
described by local order parameter field theories. 

In the remainder of this paper we develop a classifi- 
cation scheme for quantum phase transitions with ho- 
mogeneous order parameters that is based on the above 
criterion. We will show that there are classes of quantum 
phase transitions for which a local LGW functional exist, 
i.e., for which Hertz theory is valid, and classes for which 
it breaks down. 



III. CLASSIFICATION SCHEME FOR 
QUANTUM PHASE TRANSITIONS WITH 
HOMOGENEOUS ORDER PARAMETERS 

A. Fermionic Field Theory 

Our starting point is a general action for itinerant, in- 
teracting electrons, 16 

S=- j dx 4>{x) [d T + e(ftc) - ii\ 1>(x) + S int . (3.1a) 

Here ^(x) = (ip^(x),ip l (x)) and ip(x) = (^(x),tp l (x)) 
are fermionic (i.e., Grassmann- valued) two-component 
spinor fields, and the index x = (x, r) comprises the 
real space position x and the imaginary time r. J dx = 

J dx f dr with [3 = l/fcgT, and the product of and 
ip is understood as a scalar product in spinor space that 
accomplishes the summation over the two spin projec- 
tions, yu is the chemical potential, and e denotes the 
dispersion relation. For instance, for free electrons one 
has e(<9 x ) = —d 2 /2m with m the free electron mass. 

Sint describes the electron-electron interaction, which 
we will keep general. At the most basic level, Si nt is the 
Coulomb interaction, but often one starts at the level 
of an effective theory, where some degrees of freedom 
have already been integrated out to create short-ranged, 
effective interactions between various modes. For our 
purposes, we only assume that 5i nt contains an interac- 
tion between the order parameter modes. If we denote 
the order parameter, in terms of the fermionic fields, by 
n(V>,^>), this part of Si nt reads schematically 

SP t p = J J dx n 2 (x) , (3.1b) 

with J an appropriate coupling constant. Notice that in 
general n will be a tensor, so the notation n 2 in Eq. (3.1b) 
is symbolic. For conceptual simplicity's sake, we also as- 
sume that the interacting system in the disordered phase 



3 



has a Fermi liquid ground state, i.e. that the interactions 
are not sufficiently singular to destroy the Fermi liquid. 
We will come back to this assumption in the Discussion, 
Sec. IV. 

Finally, we write 



S — Sq + S^f 



(3.1c) 



with So containing all pieces of the action other than 
S^ . So describes the reference ensemble that was al- 
luded to in Sec. II. We note that, although the order 
parameter interaction term is missing from the bare refer- 
ence ensemble action So , such an interaction is in general 
generated in perturbation theory, albeit with a coupling 
constant that is smaller than the critical value necessary 
for a nonvanishing expectation value of the order param- 
eter. The correlation functions of the reference ensemble 
thus are those of the full system, with action S, in the 
disordered phase. 



B. Order Parameter Field Theory 

Here we briefly review the derivation of the order pa- 
rameter or LGW theory. 1 Let us decouple the order 
parameter interaction , Eq. (3.1b), by means of a 
Hubbard-Stratonovich field M. That is, we write the 
partition function 



f £>[<M 



= const, x 



: Jd[M] e~ J - 
const, x f D[M] e~* 



J dxM 2 (x) I -2,7 J dxM(x)n(x) 



(3.2) 



where (. . .)o denotes an average with the reference en- 
semble action So, and $[M] is the LGW functional. The 
latter reads explicitly 



$[M] = J J dx M 2 (x) - In (e~ 2J S dx M (*W*) 

and can be expanded in powers of M, 

1 



(3.3) 



d>[M] = \f 



dx\ dx 2 M(x\) 



■ S(xi - x 2 ) 



~X {2 H x i - x 2, 



M(x 2 ) 



+ 



3! 



dxidx 2 dx 3 x^ 3 H x i, x 2,x 3 ) 



xM( Xl )M(x 2 )M(x 3 ) + 0(M 4 ) , (3.4a) 



where we have scaled M with 1/^/2 J. The coefficients 
in the Landau expansion, Eq. (3.4a), are connected 



/-point correlation functions of n(x) in the reference en- 
semble, 



X {l) {x 1 , ...,xi) = (n(zi) ■ 



■n{xi))l 



(3.4b) 



A crucial question now arises concerning the behavior 
of these correlation functions in the limit of long distances 
and times or small frequencies and wavenumbcrs. If their 
Fourier transforms are finite in that limit, then the LGW 
functional <E> is local, and Hertz's analysis of the quantum 
phase transition applies. However, this is not the case 
if the fermionic soft modes that have been integrated 
out in the above procedure couple sufficiently strongly to 
the order parameter field. A prominent example is the 
case of a ferromagnetic order parameter, where x^ is a 
nonanalytic function of the wavenumbcr, 15 



A 2 ) 



(q -» 0, oj = 0) cx const. + Iql^ 1 + (9(q 2 



(3.5) 



The integer exponents in d — 1 and d = 3 are to be inter- 
preted as ln(l/|q|) and q 2 ln(l/|q|), respectively. Higher 
order correlation functions, starting with x^ 4 \ diverge in 



this limit like x 



(n) 



|q| 2 (" 1 )+ d . 7 A nonzero expecta- 



tion value (M) =/= in the ordered phase, or an external 
field H conjugate to M in the disordered phase, cuts 
off these nonanalyticities by giving a mass to some soft 
modes (to spin-triplet particlc-hole excitations in the fer- 
romagnetic example). This leads to the free energy being 
a nonanalytic function of (M) or if. 7 ' 9 The above discus- 
sion is a more technical rerendering of the criterion given 
in Sec. II. In what follows, we will use this criterion as a 
diagnostic tool. 



C. Sources, and Symmetry Considerations 

We now add source or external field terms to our ac- 
tion, and ask whether they change the soft mode struc- 
ture of the system. We will consider three explicit exam- 
ples, corresponding to two classes of homogeneous spin- 
singlet and spin-triplet order parameters in the particle- 
hole channel, respectively, and a third class of particle- 
particle channel order parameters. 



1. Particle-Hole Channel Spin-Singlet Order Parameters 

Consider a source term for a class of homogeneous, 
spin-singlet particle-hole order parameter fields, 



~H 



H f dxjj(x)f(d x )iP(x) 



(3.6) 



with / an arbitrary polynomial function of the gradient 
operator. Obviously, this source term has the same struc- 
ture as the most general dispersion term in the band elec- 
tron part of the action So, the first term on the right-hand 
side of Eq. (3.1a). Depending on the actual structure of 
e(<9 x ), Sh may or may not break a spatial symmetry of 
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S. However, it does not change the soft-mode spectrum 
since any electronic action with this structure describes a 
Fermi liquid, and the soft modes of all Fermi liquids are 
in one-to-one correspondence to one another. The free 
energy is therefore an analytic function of H. It follows, 
from the criterion in Sec. II, that for any quantum phase 
transition with an order parameter of the form 

n(a;)=#r)/(8x)#i0 , (3.7) 

Hertz theory works, and the quantum critical behavior in 
3-d is in general mean-field like. From the discussion in 
connection with Eq. (2.1) it further follows that the order 
parameter susceptibility in the disordered phase cannot 
have a nonanalytic wavenumber dependence that is cut 
off by H. 17 

An example of an order parameter in this class is the 
one for the isotropic-to-nematic phase transition that 
has been proposed to occur in quantum Hall systems 
by Oganesyan et al. 21 For this phase transition Hertz 
theory works, and the mean-field critical behavior deter- 
mined in Ref. 21 is the exact quantum critical behavior. 
Consistent with this, a perturbative calculation of the 
stress susceptibility Xxy defined in Appendix A, which 
plays the role of the reference ensemble susceptibility for 
the isotropic-to-nematic transition, found no nonanalytic 
wavenumber dependence. 

2. Particle-Hole Channel Spin-Triplet Order Parameters 

Now consider a class of source terms analogous to Eq. 
(3.6), but in the spin-triplet channel, 

Sh = H- J dx tP(x)f(d x )avh(x) , (3.8) 

with a = (a x ,<J y ,a z ) the Pauli matrices. Such terms 
break the invariance of S under the SU(2) spin rotation 
group, so the three components of the spin-triplet are 
no longer equivalent, and transverse spin-triplet particle- 
hole excitations acquire a mass. For instance, take H to 
point in z-direction, and consider the temporal Fourier 
transform of tp (x), VVi( x ) = ip{x,u n ), with oj n = 2-kT(u+ 
1/2) a fermionic Matsubara frequency. For H = 0, the 
homogeneous transverse particle-hole susceptibility 

Jdxdy ( (x) a x V> m (x) ) (4> n (y) a x ip m (y ) ) ) , 

(nm < 0) , 

diverges for 0„_ TO = u> n — u> m — ► like l/f2 n _ TO . For 
a nonvanishing source field, this soft mode acquires a 
mass proportional to the magnitude of H, i.e. the above 
susceptibility in the zero- frequency limit has a finite value 
proportional to 1/\H\. 

With an order parameter of the general form 

n{x)=i,{x)f(dja^(x) , (3.9) 



Hertz's LGW approach will therefore break down, the 
free energy is a nonanalytic function of the average order 
parameter, the quantum critical behavior is in general 
not mean-field like, and the order parameter susceptibil- 
ity in the disordered phase is a nonanalytic function of 
the wavenumber. 

The primary example for this class is the quantum itin- 
erant ferromagnetic transition that we have mentioned 
several times before. Other examples include the spin- 
triplet analog of the isotropic-to-nematic transition dis- 
cussed in Rcf. 21, for which Hertz theory will not work, 
in contrast to the spin-singlet version. 

3. Particle- Particle Channel Order Parameters 

We finally consider a class of source terms for order 
parameters in the particle-particle channel, 

S H = H J dx Vv(z)/(9x)Vv(*) , (3-10) 

which are relevant for superconductivity. These sources 
give a mass to two-particle excitations in the particle- 
particle channel. For order parameters of the form 

n(x)=Mx)f(d*)^'(x) , (3-11) 

Hertz theory will therefore break down. The prime ex- 
ample for this class is the zero-temperature metal-to- 
superconductor transition. 22 

D. Connection with Perturbative Results 

The above considerations imply that for the class of 
order parameters given by Eq. (3.6) one need not worry 
about a breakdown of Hertz theory, and the exact quan- 
tum critical behavior is easy to determine. In addition, 
they also explain a number of results concerning the 
presence or otherwise of nonanalytic wavenumber depen- 
dences in various susceptibilities, which show a pattern 
that was not understood before. 

The topic of a possible nonanalytic wavenumber 
and/or temperature dependence of static correlation 
functions in a Fermi liquid has a long history, which has 
been reviewed in Ref. 15. In this reference it was also 
established that the wavenumber dependent spin suscep- 
tibility Xs at zero temperature has the form given in Eq. 
(3.5), a result that was confirmed by an explicit cal- 
culation in 2-d by Chitov and Millis. 23 This was done 
by means of perturbation theory to second order in the 
electron-electron interaction. Reference 15 also gave a 
physical argument, based on the coupling of zero-sound 
modes, that links the q 2 In |q| dependence in 3-d, and the 
|q| d_1 dependence for general d, to the In |q| dependence 
in d = l. 24 This means that, unless a prefactor acciden- 
tally vanishes in some dimension, a correlation function 
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that shows the former nonanalyticity in 3-<i will necessar- 
ily have the latter in l-d, as is the case for \s ■ Analogous 
calculations for various spin-singlet susceptibilities found 
no nonanalyticity to second order in the interaction. 15 ' 25 . 
All of these results are summarized in Appendix A. Chi- 
tov and Millis 23 speculated that, at least in the case 
of the number density susceptibility, this null result is 
an artifact of low-order perturbation theory, and that 
there actually is a nonanalytic wavenumber dependence 
with the same strength as in the spin density suscepti- 
bility, with the prefactor being of cubic or higher order 
in the interaction. Given the computational effort of the 
perturbation theory, this would be very hard to check 
explicitly. However, in the case of the density current 
susceptibility there is a strong argument against such a 
hypothesis: The f-sum rule, which reflects particle num- 
ber conservation, requires that the homogeneous density 
current susceptibility is equal to n e /m, with n e the elec- 
tron density and m the electron mass. This means that 
for very fundamental reasons this susceptibility cannot 
have a ln|q| singularity in d = 1, and from the mode- 
mode coupling argument mentioned above it follows that 
therefore there cannot be a nonanalyticity stronger than 
\q\ x with x > d — 1 in higher dimensions either. 26 Since 
the density and density current susceptibilities are closely 
related by the same conservation law, this casts serious 
doubt on a nonanalyticity in the former as well. 

Our general arguments based on the soft-mode struc- 
ture of the system provide an explanation for all of these 
results. In particular, they show that neither the density 
susceptibility, nor any other spin-singlct susceptibility, 
to any order in perturbation theory, has a nonanalytic 
wavenumber dependence that is cut off by the appropri- 
ate conjugate field. While in principle this leaves open 
the possibility of a nonanalyticity of a different nature, 17 
it makes it likely that these susceptibilities are analytic 
at zero wavenumber, and the perturbative results sum- 
marized in Appendix A are consistent with this. 

In the particle-particle channel, the susceptibility of 
the spin-singlet anomalous density has a nonanalytic 
wavenumber dependence that is cut off by a supercon- 
ducting gap, and accordingly the metal-superconductor 
transition at zero temperature is not described by Hertz 
theory. 22 This is again in agreement with the general ar- 
guments given in Sec. IIIC3. These calculations for the 
particle-particle channel were for systems with quenched 
disorder, but that does not affect our arguments, see Sec. 
IV C below. 



IV. DISCUSSION 

A. Generalizations 

In this paper we have provided a general scheme to 
answer the question of whether it is possible to construct 
a local LGW theory, i.e. a field theory solely in terms 



of the order parameter, for a given quantum phase tran- 
sition. We have applied this general philosophy to the 
one-band model defined in Sec. Ill A, but more general 
models can easily be analyzed in the same way. 

As an example we consider a toy model with two com- 
pletely degenerate bands 

S= - fdx ^ (a) i x ) \ Q r + e(ftc) - fi] ^ (a) {x) 
J 0=1,2 

+ s ^ [^ (a) > (a) " 
0=1,2 

+Si2^ (1) ,V (1) ,^ (2) ,V' (2) ] • (4T) 

Here a — 1,2 denotes the band index. In the simplest 
case, the inter-band interaction S12 could be an interac- 
tion between the number or charge densities in the two 
bands 

Si2 = J12 / dxn^(x) nf\x) , (4.2) 

where ni a \x) is the charge density in band a. With in- 
creasing J12 the system will undergo a quantum phase 
transition from a symmetric state, in which the number 
densities in both bands are identical, to an asymmetric 
state with different densities in the two bands. The or- 
der parameter for the transition is the density difference 
(!)/ \ ( 2 )/ \ 

Tic '(X) - Tic (X). 

Let us now apply the soft-mode considerations devel- 
oped in Sec. Ill to this model. A source term for the 
order parameter field, 

S Hl2 - H 12 J dx [n«(x) - nf\x)] , (4.3) 

breaks the symmetry between the two bands manifest in 
(4.1) and changes the soft mode structure. Therefore, the 
band symmetry breaking quantum phase transition will 
not be described by a local order parameter field theory. 

We also note that this transition is very similar to the 
magnetic transitions discussed above. If one neglects the 
spin degrees of freedom in the two-band model, it can be 
mapped onto a quantum ferromagnetic transition with 
Ising symmetry by identifying the band indices 1 and 2 
with spin-up and spin-down, respectively. 

B. Coupling between Soft Modes and Order 
Parameter Fluctuations 

The mechanism for a breakdown of the LGW approach 
to quantum phase transitions that we have studied is soft 
modes that are integrated out in deriving an LGW the- 
ory. It is important to realize that such soft modes al- 
ways exist in itinerant electron systems, and in general 
they always couple to the order parameter fluctuations 
via mode-mode coupling effects, except for special cases 
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where such a coupling is forbidden by some symmetry. 
The crucial question is whether this coupling is strong 
enough to lead to the free energy being a nonanalytic 
function of the order parameter. The criterion for this 
is whether a nonzero average value of the order param- 
eter, or, equivalently, a nonzero external field conjugate 
to the order parameter, gives a mass to the soft modes in 
question. This is more easily accomplished if both the or- 
der parameter and the additional soft modes are massless 
at the same wavenumber, as is the case for the itinerant 
quantum ferromagnet. A counterexample is the quantum 
antifcrromagnet, where the order parameter is the stag- 
gered magnetization, a finite-wavenumber quantity that 
couples only weakly to the soft particlc-hole excitations 
that are soft at zero wavenumber. 



C. Effects of Disorder 

So far we have discussed clean systems, but all of our 
methods remain valid in the presence of quenched disor- 
der, and so does our discussion. The only modification is 
that in the presence of quenched disorder the Fermi liq- 
uid ground state is destroyed for dimensions d < 2 rather 
than d < 1. Quenched disorder is described by a term in 
the action 

Sdis = J dx u(x) ip(x) tj)(x) , (4.4) 

with it(x) a random potential. The source term for a ho- 
mogeneous spin-singlet order parameter, Eq. (3.6), still 
does not change the soft-mode structure of the disor- 
dered system (although we stress that the latter is dif- 
ferent from that of a clean system), and consequently 
the quantum phase transitions with such order param- 
eters in disordered systems can be described by local 
LGW theories. Furthermore, the corresponding suscep- 
tibilities are expected to be analytic functions of the 
wavenumber. This is consistent with the fact that the 
static density susceptibility has no |q| d ~ 2 nonanalytic- 
ity in perturbation theory, and its homogeneous limit, 
dn/d/i, is finite in 2-c?. 27-29 Similarly, the spin-triplet 
source, Eq. (3.8), still breaks spin rotation invariancc 
and changes the soft-mode structure by giving the trans- 
verse particle-hole excitations in the spin-triplet channel 
a mass. Consequently, LGW theory breaks down for the 
disordered itinerant quantum ferromagnetic transition, 
and the quantum critical behavior is not mean-field like. 
Consistent with this, in perturbation theory the spin sus- 
ceptibility has a |q| d ~ 2 nonanalyticity for d > 2, and a 
In |q| behavior in 2-d 27,6 

D. Statics versus Dynamics 

It is well known that in quantum statistical mechan- 
ics, statics and dynamics are coupled. Naively, this might 



lead to the expectation that correlation funtions that do 
not show a nonanalytic wavenumber dependence at zero 
frequency have no nonanalytic frequency dependence ei- 
ther. This, however, is not true. In quenched disor- 
dered systems, the real part of the electrical conductiv- 
ity, which is the imaginary part of the dynamical density 
current susceptibility divided by the frequency, has an 
u) (d-2)/2 f re q uenC y dependence, even though the static 
current susceptibility, as pointed out above, has no anal- 
ogous wavenumber nonanalyticity. Similary, the dynam- 
ical counterpart of the stress susceptibility Xxy describes 
the sound attenuation coefficient, and it also is a non- 
analytic function of the frequency. 30 It is therefore not 
correct to conclude from the presence of a nonanalytic 
frequency dependence in a time correlation function that 
the corresponding static susceptibility will be a nonana- 
lyic function of the wavenumber, and that hence for the 
phase transition with the corresponding order parameter 
LGW theory will break down. 

In order to understand this asymmetry between 
wavenumber and frequency dependences it is important 
to remember that, even in quantum statistical mechanics, 
statics and dynamics are not equivalent. It is known that 
a finite frequency in the fermionic field theory breaks the 
symmetry between retarded and advanced Green func- 
tions, and gives a mass to soft modes. 31 Therefore, con- 
sidering a dynamical source, as opposed to the static 
sources in Eqs. (3.6) and (3.8), changes the situation. 
If one expands a dynamical spin-singlet source in pow- 
ers of ui, then the zeroth order term does not change the 
soft-mode spectrum, but the term linear in u> does, and 
hence the dynamical piece of a spin-singlet susceptibility 
has in general nonanalyticities, even though the static 
part does not. The electrical conductivity and the sound 
attenuation coefficient mentioned above are examples of 
this effect. 



E. Final Remarks 

We conclude with a few final remarks. First, we have 
restricted ourselves to systems where the ground state 
in the disordered phase is a Fermi liquid, but we have 
not explicitly used this property. We expect our general 
method to still work in more general cases. As an exam- 
ple, consider the case of a metamagnetic transition, i.e. 
a magnetic transition inside a ferromagnetic phase. In 
this case the spin rotation symmetry is already broken 
on either side of the transition, and adding the source 
term, Eq. (3.8), does not further change the soft-mode 
spectrum. Wc therefore conclude that in this case LGW 
theory will work, in agreement with the recent treatment 
of this situation by Millis et al. 32 

Second, we have restricted our explicit discussion to 
homogeneous order parameters. As we have mentioned 
in the context of the antiferromagnetic phase transition, 
inhomogeneous order parameters are in general expected 
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to couple less strongly to the fcrmionic soft modes than 
homogeneous ones. However, the consequences of a spon- 
taneous breaking of the translational invariance warrant 
a more thorough investigation. This is of interest, for 
instance, for the nature of the transition to the stripe 
phases that have been predicted and observed to occur 
in high-temperature superconductors. 33 These questions 
can also be analyzed within the framework set up in this 
paper. 
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For both of these we have found that the same cancella- 
tions hold as in the case of the number density suscepti- 
bility. That is, to second order in the interaction, 

Xj (q) = (n e /m) [l + 0(q 2 )] , (A3) 

Xxy(q) = (8JV>/15) [1 + 0(q 2 )] , (A4) 

with n e the electron density and m the electron mass. 
The null results expressed by Eqs. (A2) - (A4) are valid 
for interaction amplitudes with arbitrary wavenumbcr 
and frequency dependences. 

In the particle-particle channel, the susceptibility 
of the anomalous density ip-\(x) ipi(x) is known to 
have a leading wavenumbcr dependence proportional to 
1/ In |q|, 22 but no exact perturbative results are available. 



APPENDIX A: PERTURBATIVE RESULTS FOR 
ORDER PARAMETER SUSCEPTIBILITIES 

In this appendix we list perturbative results for var- 
ious susceptibilities. In Ref. 15 it was shown that the 
static spin density susceptibility \s has a nonanalytic 
wavenumber dependence in 3-<i, 

Xs (q) = 2N F [1 + c s (q/2fc F ) 2 ln(2fc F /|q|) + 0(q 2 )] , 

(Al) 

with Np the density of states per spin at the Fermi sur- 
face, kF the Fermi wavenumber, and c s a positive con- 
stant that, for weak interactions, is quadratic in the in- 
teraction amplitude. This result was confirmed in Ref. 
23, which also showed that in 2-d there is a corresponding 
|q|-nonanalyticity. All of these results are consistent with 
a mode-mode coupling argument that lets one expect a 
singularity of the the form |q| d_1 , with the integer expo- 
nents in d = 1 and d — 3 corresponding to logarithms, 
see Eq. (3.5). In particular, this argument links the per- 
turbative In |q| dependence in d = 1 (see Ref. 24) to the 
more general nonanalyticity in any dimension. 

The perturbation theory developed in Ref. 15 is read- 
ily generalized to calculate other susceptibilities. For 
the number density susceptibility \n one finds that, to 
quadratic order in the interaction, the terms of order 
q 2 In |q| cancel, 15 leaving one with the behavior 

Xn(q) = 2JV F [l + 0(q 2 )] . (A2) 

We have also calculated the number density current 
susceptibility Xj an d the stress susceptibility \x y that 
is the static correlation function of the electronic stress 
operator 

(2/k F ) ^ k x k y c k+q / 2 c k _ q/ - 2 • 

k 
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